We present a set of efficient numerical algorithms to accurately compute the forces on dislocations in free-standing thin films. We first present a spectral method for computing the image stress field of dislocations in an isotropic elastic half space and a free-standing thin film. The traction force on the free surface is decomposed into Fourier modes by a discrete Fourier transform and the resulting image stress field is obtained by superimposing analytic solutions in the Fourier space. Dislocations intersecting free surfaces are discussed, including the use of virtual segments and the associated uniqueness of their solutions. The efficiency of the algorithm is enhanced by incorporating the analytical solutions for straight dislocations intersecting free surfaces. A comprehensive algorithm, including a flow diagram, is formulated and the numerical convergence of these algorithms discussed. As a benchmark, we compute the equilibrium orientation of a threading dislocation in a free-standing thin film. Good agreement is observed between the predictions from the dislocation dynamics model and those from molecular static simulations and the line tension model.
Introduction
Dislocation dynamics (DD) simulation has the potential to quantitatively link the stress-strain curve of a single crystal with the fundamental dislocation mechanisms, by tracking the evolution of dislocations during plastic deformation [1] [2] [3] [4] [5] [6] [7] [8] . The effect of individual dislocations on plasticity becomes even more important for sample sizes at the micro-scale, where the flow stress has been observed to become size dependent [9] [10] [11] [12] [13] [14] [15] . DD simulations, once extended to account for free surface effects, will be a first step in understanding the physics behind the size effects. The incorporation of other detailed mechanisms such as: climb, cross-slip, the motion of kinks, jogs and dissociation will further enhance our understanding of plasticity at small scales. However, we leave these details for future research and the focus of this work is on the free surface contributions to dislocation driving forces. Accounting for the effects of the free surfaces is not a trivial task because a micro-scale sample can still contain many dislocations, whose interaction with the surface and with each other needs to be accurately accounted for at each time step of the DD simulation. In this paper, we present a complete description of a set of efficient numerical algorithms to compute the image force that arises due to the free surface in free-standing thin films. First, we present a set of spectral methods for computing the image stress in half spaces and thin films using analytical solutions similar to that of elastic cylinders [16] . Second, we discuss the concept of virtual segments, which are needed to make the problem well-posed [8, 17] . Third, we show how the Yoffe solution of a semi-infinite dislocation in an elastic half space [18] can be incorporated to increase the convergence rate of the spectral method. This problem is discussed in detail, including the singular nature of the image stress field at the piercing point. We also present a complete flow diagram of how all of these routines are integrated into a DD program. Finally, we discuss the convergence of the different algorithms and their contributions to the image and total force on dislocations.
Problem statement
The standard way to find the stress field for a dislocation inside an elastic medium with surfaces is to start with the stress field of the same dislocation in an infinite medium (σ ∞ ij ) and add an image stress field (σ img ij ) to cancel the residual tractions on the surface [7, 8, 19, 20] , as illustrated in figure 1 . Thus, the total stress inside the medium can be thought of as a superposition of the two stress fields
Since the interactions of dislocations in an isotropic infinite medium are well known, we are left to compute the image stress field, which is the stress field produced in the medium (such as a free-standing thin film) subjected to an arbitrary distribution of traction forces F j on the surface. This is a boundary value problem and can be solved by the finite element method (FEM) or the boundary element method (BEM). However, given the special geometry of the free-standing thin film, analytic solutions can be obtained (in Fourier space). Using a discrete Fourier transform (DFT), this can lead to a more efficient way to solve the image stress than the standard FEM or BEM method. A similar approach was taken in solving the image stress in an elastic cylinder [16] . The computational efficiency is critical for DD simulations in thin films because an image stress problem needs to be solved at every time step of the simulation (which may involve a million time steps).
Elasticity solution in fourier space
In the absence of body forces, the stress equilibrium of an isotropic linear elastic medium can be written in terms of the displacement field u i (x) as
where λ = 2µν/(1 − 2ν) and µ are the Lamé constants, µ is also the shear modulus and ν is Possion's ratio. The following solution [21] to this equation is periodic in the x-and y-directions and exponential in the z-direction, the normal direction in the film geometry, and is particularly useful for the problem considered here: 
where k z = k 2 x + k 2 y and A, B, C and E, F, G are complex constants. The displacements here are written in terms of complex exponentials for use with DFTs. In the end we only take the real part of the solution.
Due to the completeness of the Fourier series, an arbitrary displacement field (satisfying equilibrium) can be written as a superposition of the general solutions written above, each with a different k x and k y . For convenience, we write the Fourier components of the displacement field aŝ
The total displacement field is then just a sum over the different Fourier modes
The stress field can be obtained from displacements, and can also be written in a similar form as
The above expressions can be used to satisfy either traction or displacement boundary conditions on the surfaces of a thin film or an elastic half space. This can be done on a mode by mode basis by expanding either the tractions or displacements on the surfaces in a Fourier series as well:
u(x, y) =
The unknown coefficients, A, B, C and E, F, G, can be obtained for each Fourier mode by matching the prescribed traction or displacement. The numerical algorithm for doing this in half spaces and free-standing thin films will be elaborated in the following subsections.
Elastic half space
Prior to developing the solution that satisfies the boundary condition of a thin film, it is instructive to see how the above solution can be used to solve a simpler problem, that is the stress field in an elastic half space subjected to arbitrary traction on the surface. The solutions developed here will also be useful for the thin film. We will consider both negative and positive half spaces. Both half spaces will be considered periodic in both the x-and y-directions with periodic lengths L x and L y , respectively. The assumptions of periodicity, which will be used throughout this paper, set the wave vectors k x = 2πn x /L x and k y = 2πn y /L y , where n x , n y = 0, ±1, ±2, . . . .
Solution in the lower half space.
Consider an elastic half space that occupies the region z 0. For the solution to be bounded as z → −∞, we only keep the terms with e k z z . Hencê
We use the superscript − to indicate that this solution exists in the domain z 0. The displacement field on the surface z = 0 has the following form
whereû x ,û y ,û z are related to the coefficients A, B, C through the matrix equation   û
All of the matrices developed here are given in appendix A. From the displacement field in equation (9) , it is straightforward to obtain the strain field ij through differentiation and the stress field σ ij using Hooke's law. The corresponding tractions on the surface z = 0 are composed of the stress components σ xz , σ yz , σ zz , and must have the following form:
whereT x ,T y ,T z are related to the coefficients A, B, C through a matrix equation
From these relationships we can determine the Fourier coefficients A, B, C of any Fourier mode (k x , k y ), given the surface traction (T x ,T y ,T z ) or the surface displacement (û x ,û y ,û z ).
Once the Fourier coefficients are obtained, the stress field of this Fourier mode is completely determined through the analytic expressions.
In the general image stress problem, the traction forces are prescribed on the surface, making the M − matrix appear to be more useful than the N − matrix. However, it may be advantageous to transform the half space problem to an equivalent problem in an infinite medium, in which an internal stress field is generated by a distribution of body forces, displacement jumps or dislocations on the z = 0 interface. The matrix N − will be useful for this transformation. To do so, we also need the elasticity solution in the upper half space z 0.
Solution in the upper half space.
The Fourier solution that applies to the upper half plane isû
The corresponding displacement field on the surface z = 0 is related to the Fourier coefficients E, F , G through the matrix equation:
The corresponding traction force on the surface z = 0 is related to the Fourier coefficients through the following matrix relation:
In equation (16) we introduce the minus sign to emphasize the fact that the normal vector of the upper half space is in the −z-direction, henceT x ,T y ,T z correspond to −σ xz , −σ yz , −σ zz .
Equivalent solutions in an infinite medium.
We are now ready to construct a solution in an infinite medium that is equivalent to the solution in a lower half space subjected to a surface traction. The two problems are equivalent in the sense that they have identical displacement, strain and stress fields in the lower half space z 0. The process of constructing an equivalent problem in an infinite medium can be imagined as putting together two solutions-for the lower and upper half spaces, respectively, as illustrated in figure 2 . While the solution in the lower half space has to be identical to the original half space problem, there are several choices for the upper half space solution. We can choose the displacement field to be continuous across the interface z = 0 resulting in a jump in the traction forces, which must be balanced by a distribution of body forces. Hence the equivalent problem in the infinite medium is the stress field generated by body forces distributed on the internal interface z = 0. Alternatively, we can choose the traction force to be continuous across the interface z = 0. Then, there will be a jump in the displacement field, which can be interpreted as a network of dislocations. Hence the equivalent problem in the infinite medium is the stress field generated by a distribution of dislocations on the internal interface z = 0. In the following, we give more mathematical details of these two approaches. LetT − and u − be traction force and displacement field on the surface of the lower half space (consider only a single Fourier mode k x , k y ). They are related to each other through the M − and N − matriceŝ
The traction and displacement fields,T + and u + , on the surface of the upper half space are related to each other through the M + and N + matriceŝ
In the first approach the displacement jump
is continuous on the interface z = 0. However, we need to maintain a net force on the interface to satisfy equilibrium. The net force is equivalent to a body force arraŷ
This can be rewritten in terms of traction force exerted on the surface of the lower half spacê
Now consider the second approach, in which we require the traction forces on the lower and upper half spaces to cancel each other,
so that we do not need to apply a body force. In this case, the surface displacements of the two half spaces will not match. The equivalent problem for the infinite medium will have a displacement jump,
The construction of the equivalent problems in an infinite medium leads to several different approaches to compute the image stress field in the lower half space, such as using the stress field expressions of point force or dislocations in an infinite medium. In a similar study of elastic cylinders, we have found that for equivalent solutions in an infinite medium the stress field of body forces gives the most desirable numerical behavior in the sense that it has both exponential convergence and the weakest singularity [16] . Hence equation (21) is probably the most useful one among the above expressions for computing the image stress. However, as is illustrated below, equation (23) is needed to compute the image energy. While most of the existing DD simulations do not require the calculation of energies, energy becomes important if we want to study the nucleation of dislocations. In section 5, we use agreement between the image force computed from the image stress and that from the derivative of the image energy to demonstrate the self-consistency of our method.
Energy considerations.
The force on a dislocation formally is defined as the negative of the gradient in the elastic energy with respect to the dislocation position. The often used Peach-Koehler force comes from this variation of the energy. Self-consistency of the method demands that the two be equivalent. To test this self-consistency, the energy of the dislocated half space must be determined.
The total stress field was initially decomposed into a sum of the stress field in an infinite medium and the image stress. This approach can be extended to energy as well, thus our total energy is
The energy we are interested in is the image energy and comes from the difference between the total and infinite energies. It is not the strain energy associated with the image stress. The image energy, following the construction in [16] , is
The image force on a discretization node r i of the dislocation is defined through the image energy as
For self-consistency, this image force must equal the Peach-Koehler force f img caused by the image stress σ img integrated over the segments connected to node i,
where N i (x) is the shape function of node i that goes linearly from 1 at node i to zero at its neighboring nodes, b(x) and ξ(x) are the Burgers vector and line direction of the dislocation at point x (see [6, 22] for more details). Self-consistency can be checked, as is done later in the paper, by computing the numerical derivative of the image energy and comparing it with the Peach-Koehler force from the image stress.
Free-standing thin film
The thin film is assumed to have a thickness of 2t in the z-direction and, for convenience, is centered at the origin. Just as we did in the half space problems, we consider a domain that is periodic in both the x-and y-directions.
The Fourier solution of the equilibrium equation in a free-standing thin film −t z t must contain both e k z z and e −k z z terms in equation (3) . It follows that we have six traction components and six unknown Fourier coefficients that are related by a 6 × 6 matrix. This complexity can be avoided by exploiting symmetry and rewriting the Fourier components of displacements in terms of hyperbolic functions. This transforms the problem from a 6 × 6 problem to two independent 3×3 problems. The new Fourier components of the displacements, which are equivalent to equation (3) with redefined constants, arê
Since the boundary data are prescribed on both the top and bottom surfaces, we choose to distinguish between the two using the superscripts + and − . Thus, the tractions on the top and bottom surfaces areT
T , respectively. The displacements on the surfaces areû
T as expected. If we define appropriate linear combinations of these traction and displacement vectors, the problem decouples. This is because the geometry is symmetric under reflection against the x-y plane. Hence the part of the displacement field (involving A, B, C) that is symmetric under the reflection is decoupled from the remaining part (involving E, F , G) that is anti-symmetric under the reflection. The new variables arê
for the tractions and
for the displacements. The explicit expressions for the 3 × 3 matrices M S , M A , N S and N A are given in appendix A. The tractions on the top and bottom surfaces are combined to constructT S andT A . The six unknown coefficients are then solved from the inverse of matrices M S and M A . Given the Fourier coefficients, we can determine the stress at any point. 
Equivalent solutions in an infinite medium and energy.
The solutions in an equivalent infinite medium for the thin film follow those developed for the half spaces. The idea remains essentially the same as the half space solution in that we think of combining a thin film with two half spaces to form an infinite medium, as illustrated in figure 3 .
The resulting solution in the infinite medium is equivalent to our original problems as long as the elastic fields in the infinite medium within the domain −t z t coincide with the fields in the thin film. Therefore, there are multiple choices to the solutions in the elastic half space and, as a result, how the two half spaces and the thin film join together. One possibility is to require the displacement field to be continuous across the interfaces z = ±t, in which case body forcesf + andf − need to be applied at the top and bottom interfaces to satisfy equilibrium. Alternatively, we can require the stress field to be continuous across the interfaces, in which case there will be displacement jumps [ 
Given the traction forces on the top and bottom surfaces of the original thin film problem, The displacement jumps at the top and bottom interfaces are then obtained from
Finally, the image energy is
Algorithm for image force calculation

Non-emerging dislocations
The above derivations provide several methods to compute the image stress in a thin film containing dislocations. In this section, we give more details on these methods (I-IV) from an algorithm standpoint. Method I uses the analytical formulae for the stress. Methods II, III and IV come from the real space solutions involving body forces and Green functions. Method II computes the stress field from the given distribution of body forces using the elastic Green function. Method III computes the stresses directly from the distribution of displacement jumps using Volterra's formula. Method IV computes the stresses from dislocations between the displacement jumps. A simple flow diagram for methods I-IV is given in figure 4 . As a check of self-consistency, we compute the Peach-Koehler force generated by the image stress and compare it with the image force obtained from taking the numerical derivative of the image energy. The first step for any of the methods is the calculation of the traction matrices. In a DD code, the residual tractions on the thin film surfaces are computed from the dislocation segments using the stress field in an infinite medium. For our algorithm, this is done on a regular rectangular grid of dimensions L x × L y . The Fourier components of the tractions,T , are needed in all methods and are computed by a DFT.
In method I, each Fourier component of the tractions is used to determine the unknown coefficients, A, B, C and E, F, G. From this, the Fourier components of the stress can be determined from the displacements. The total stress field is then a sum of each mode, which must be evaluated at a given point (x, y, z).
Method II requires the construction of equivalent body forces in real space; the expressions for these are given in equation (33) . The real space body forces are obtained by a DFT of the Fourier components. From this distribution, the stress field of the body forces can be obtained from the elastic Green function.
The integral is carried out over the top and bottom surfaces of the thin film. The simplest method of calculating the stress field is to approximate the distribution as constant over a small area with the magnitude equal to the real space value at that point. Further assuming that the field point is far away from the point force, the integral can be dropped and the stress field is simple to evaluate. This method is shown to work well in [16] . The distribution of displacement jumps in equations (35) and (36) is used in both methods III and IV. For both these methods, the Fourier distribution of displacement jumps is transformed back to give a real space distribution. Method III uses the displacement jumps to compute the stress using Volterra's formula
Just as in method II, the integral is dropped assuming the displacement jumps act at the real space grid points and are multiplied by the area over which they act. Method IV takes one further step by converting the displacement jumps into dislocations. Since dislocations are lines that bound areas between which there is a difference in displacement jumps, we can approximate the displacement jump distribution from method III with a network of dislocations. The network of dislocations forms a rectangular grid between the real space grid points where the displacement jumps have been evaluated. The Burgers vector of each dislocation is simply the difference between the two displacement jumps that the dislocation divides [16] . This allows us to compute the stress field at a field point from the network of dislocations using the stress fields already available in the DD codes. Given the image stress, we can obtain the image Peach-Koehler force on the dislocation line and image forces on the discretization nodes using equations (27) and (28) .
As a check for self-consistency, we can also compute the image force on a network of dislocations from the image energy. The image force defined in equation (26) can be computed by using a simple finite difference scheme, for example
Therefore, we need to evaluate the energy twice for every force component we wish to determine. This is done by displacing the dislocation by ∆r in both directions and evaluating the image energy. The image energy from equation (39) at each point is evaluated from the tractions based on the new dislocation position and the displacement jumps from equations (35) and (36).
Emerging dislocations
Virtual segments.
In our preceding discussions, we have neglected the possibility that the dislocation might intersect a free surface. From the image stress problem statement, thin film dislocation virtual segment virtual segment Figure 5 . An emerging dislocation in thin film and the semi-infinite virtual segments that continue it in an infinite medium.
the tractions we are trying to negate on the surface come from dislocations in an infinite medium. However, dislocations cannot terminate inside an infinite body. While stress fields of dislocation segments do exist, they only satisfy equilibrium if they form a complete loop, which includes dislocations that continue to infinity. Therefore, if we wish to compute the stress fields due to dislocations that intersect the free surface we must continue them outside the thin film [23] , as illustrated in figure 5 . These continuations, which are termed virtual dislocations [8, 17] , allow the dislocation to form a complete loop (or go to infinity) and allow the stress field to satisfy equilibrium. The image stress, then, must account for the surface traction generated by all the real dislocations as well as virtual dislocations.
There are an infinite number of ways to continue a dislocation that intersects the free surface and the stress in the infinite medium, σ ∞ ij , depends on this configuration. Therefore, the image stress, σ img ij , will be different for different virtual segments. However, the total stress, σ tot ij , will be the same, regardless of configuration, for simply connected bodies such as a thin film. This is because of the uniqueness of the associated boundary value problem, and is shown in appendix B. For our simulations, we choose to continue the dislocations outside the thin film as semi-infinite straight dislocations that are tangent to the dislocation segment intersecting the free surface. This choice is made mainly out of convenience, but it also appears to have the best convergence when the image force is computed using our spectral methods (see numerical results below). The stress fields of semi-infinite dislocations are given in [24, 25] .
In DD simulations, the force on the discretization nodes is a sum of the contributions from each of its segments. The force from each segment comes from the integration of the total stress field over that segment and nodal forces are sums of forces from all segments attached to the node. Discretization nodes that lie on the surface will have at least one segment inside the domain and one outside the domain. Since the virtual segments are only a construct to create the correct stress field, the segment forces from virtual segments should not contribute to the nodal force. For this reason, the Peach-Koehler force on the virtual segments must be excluded from the force on the surface node in the simulations. However, since the virtual segments influence both σ ∞ ij and σ img ij , they need to be included when computing the forces on every node.
Yoffe image stress.
In order to obtain tractions on the boundaries, we have to compute σ ∞ ij at the free surfaces discretized by a grid. This can be a problem for emerging dislocations since the stress field is singular at the piercing point. First, the convergence of the image stress routine will be slow because of the singularity. Second, if the piercing point and sampling point are close enough, the computed stress values will diverge. Therefore, it is desirable to remove the singularity by superimposing another stress field that satisfies equilibrium and precisely cancels the singularity. To do this, we adopt the method of Tang et al [26] , where the image stress from Yoffe's solution of a semi-infinite dislocation in a half space is used. The spectral method then only needs to handle the difference between the actual image stress (in the thin film) and the Yoffe image stress solution, which is a non-singular function.
It is interesting to note that the placement of the Yoffe image stress in the algorithm is very similar to that of the virtual segments. First, we start with a 'trial' solution, which is a stress field that satisfies equilibrium but may have residual tractions on the boundary. We let this trial solution be σ obtained by the spectral method. In other words, the image stress in equation (27) is now decomposed into two components,
Thus, the Yoffe image stress contributes to the Peach-Koehler forces on the 'real' segments inside the thin film in the same way as the virtual segment does.
Algorithm flow diagram.
To model a free-standing film, the DD algorithm originally designed for bulk simulations needs to be modified to account for the surface effect on the Peach-Koehler forces. The flow diagram in figure 6 illustrates how all the various components described above fit together in the final algorithm. Every box between input and output corresponds to an operation. The arrows indicate the dependence of data. The operation downstream depends on the data produced by the operation upstream. The image force F img i is computed by numerical integration of equation (28), with f img (x) defined in equation (27) and σ img defined in equation (43). In this paper, we use only one quadrature point at the mid-point of the segment for the numerical integration. As a result, the numerical value of the image force on the surface node is finite even though the image stress is singular at the surface node.
Numerical results
In the following we will discuss the numerical results obtained from the algorithms described above. We show the convergence behavior of both the half space and the thin film. Using the half space as an example, we show that the spectral method can produce numerically converged results, even without using the Yoffe image stress solution. On the other hand, the numerical result becomes incorrect when the virtual segment is not included.
Non-emerging dislocations
The first numerical benchmark is to compute the force on a dislocation array in a half space. We specify a dislocation array because our image stress routines require periodicity in both directions in the plane of the surface. The solutions for an array of screw and edge dislocations in an infinite medium are well known [25] and can easily be used to construct the image force of these arrays near a surface. Figure 7 (a) shows the relative error in the image force on both an edge and a screw dislocation array in a half space while figure 7(b) shows the relative error of a screw array in a thin film. The image forces are computed by the Peach-Koehler formula from the image stresses, which are obtained from Method I in figure 4. To provide a benchmark, analytical formulae for the image force can be obtained from [25] . These figures also show the image force computed from the numerical derivative of the energy, using the finite difference scheme from equation (42) . The parameters are b = 1, µ = 1, ν = 0.3, L x = L y = 1 for both plots. For the half space, the dislocations are at a depth d = 0.1 below the surface while in the thin film the depth d = 0.05 with a thickness 2t = 0.2.
All numerical results show exponential convergence as n x = n y is increased. The error for method I decreases until machine precision is reached for the half space but not the thin film. The slope in the thin film case is also smaller, indicating slower convergence. This is most likely because the dislocation in the thin film is closer to the surface and thus converges slower. The error from the derivative of the energy is generally higher than that from the stress, due to additional numerical error introduced by the finite difference approximation. While the above test cases are effectively two dimensional, in the next test case we compute the image stress of a prismatic dislocation loop in a half space and a thin film. Figure 8(a) shows the convergence of the numerical result for the half space as a function of the size of the surface grid (n x = n y ), and compares it against the analytical solution [27] . The half space is assumed to be periodic over a distance L x = L y = 1 with elastic properties µ = 1, ν = 0.3. The loop has a radius R = 0.1, a Burgers vector b = 1 and is located at a depth d = 0.1 below the surface. The circular loop is approximated by a polygonal loop with 500 equally spaced nodes and the force plotted is the component normal to the surface, averaged over all the nodes. Figure 8(b) shows the convergence of the numerical result for the thin film, with different thicknesses of the film. The loop is always located at a depth d = 0.1 below the surface. As the film thickness increases, the force on the dislocation loop converges to the value for the half space, as expected. Both plots show that the force is well converged at around n x = 20, for which the error is less than 0.1% of its final value. When the depth d is decreased, the minimum spacing between surface grid points should decrease proportionally to obtain the same accuracy. 
Emerging dislocation in half space
We have discussed emerging dislocations at length in this paper and provided a few ways of handling them in DD simulations. To provide numerical confirmation of our arguments, figure 9(a) plots the total Peach-Koehler force per unit length for a point near the surface on a dislocation emerging from a half space and figure 9(b) shows the corresponding image force. Here the image stress is solved by the spectral method alone, without the help of the Yoffe image stress solution. Instead, the Yoffe image stress solution is used as a benchmark to the numerical result. The half space has dimensions L x = L y = 1 with elastic properties µ = 1 and ν = 0.3. The dislocation line is perpendicular to the surface and the Burgers vector is
The dislocation intersects the surface at the origin. The Peach-Koehler force is evaluated at a point (0, 0, z) beneath the surface. The Yoffe image stress solution predicts that the Peach-Koehler force simply scales as 1/z. However, because the spectral method assumes periodicity in the x-and y-directions, the numerical result is only expected to agree with the (Yoffe) analytic solution when |z| is much less than L x and L y . In this test case, the Peach-Koehler force is evaluated at z = −L x /100. Figure 9 (a) clearly illustrates the uniqueness of the total force with respect to the orientation of the virtual segments, whereas figure 9(b) shows that the image force is not unique. As the number of surface grids is increased, the total Peach-Koehler force on the dislocation converges to the same analytic solution for three different choices of virtual segment orientations. If the virtual segment is not included in the calculation, the numerical result converges to a wrong value. This clearly illustrates the need to include the virtual segment in the calculation. It is interesting to note that the spectral method can produce results that converge to the analytic solution in the brute-force approach, i.e. by increasing n x and n y . In a previous study of a similar geometry using the FEM, the numerical result cannot converge to the analytic solution before the maximum memory of the workstation is exceeded [28] . This is most likely because the spectral method only requires a two-dimensional mesh, while the FEM requires a threedimensional mesh, which takes up more memory.
Threading dislocations in thin film
In this section, we compute the equilibrium angle of a dislocation in a free-standing thin film, as a function of the orientation of the Burgers vector. Predictions made from DD simulations will be compared with those from molecular statics (MSs) simulations and the line tension model. The behavior of dislocations in thin films has been widely studied in [29] [30] [31] [32] [33] [34] . The interest lies in accurately interpreting the image of high resolution transmission electron microscopy (HRTEM) when dislocations are not perpendicular to the surface. The interpretation becomes difficult when the orientation of the dislocation is unknown. In this section, we test whether DD simulations can accurately predict equilibrium dislocation orientation in a free-standing thin film by comparing it with atomistic simulations. Because our DD model is based on isotropic elasticity, we choose to study dislocations in BCC tungsten, which is elastically isotropic. In addition, dislocations in BCC metals do not dissociate, which removes the additional complexity of partial dislocations in FCC metals.
Consider a threading dislocation in an isotropic elastic thin film, as shown in figure 10 . Let both the dislocation line and Burgers vector be in the x-z plane, which is also the glide plane of the dislocation. For simplicity, we assume the dislocation remains straight. This assumption will be verified later by the simulation results. Let θ be the angle between the dislocation line and the surface normal (z-axis) and let α be the angle between the Burgers vector and the surface normal. When no external stress is applied, and if we allow the dislocation to go to its equilibrium (i.e. minimum energy) state, the line orientation θ is a function of the orientation of the Burgers vector α. Figure 11 shows the equilibrium shape of the dislocation in a tungsten thin film predicted by both DD simulations and MS simulations. The shear modulus is µ = 16 GPa and Poisson's ratio is ν = 0.28, which are chosen to match the Finnis-Sinclair potential [35] used in the MS simulations. In both DD and MS simulations, the Burgers vector is b = (a/2)[1 1 1] and the surface normal is n = [11 0] (in crystal coordinate system), where a = 3.16 Å is the lattice constant of tungsten. This corresponds to an angle of α = 27.2
• between b and n. The dislocation line is initialized to be perpendicular to the surface and is then allowed to relax to its equilibrium shape. In DD simulations, the dislocation line is discretized into 25 equally spaced nodes. The periodic lengths in the x-and y-directions are 4 times the film thickness. The grid size for the spectral method is n x = n y = 101, and Yoffe image stress is applied to remove the surface singularity. The nodes are confined to move along the x-axis with a velocity proportional to the nodal force. This corresponds to the steepest descent algorithm in energy minimization. In MS simulations, the atoms are relaxed to a local energy minimum state by the conjugate gradient algorithm. More details of the MS simulations are given in appendix C.
The efficiency of the spectral method is analyzed in the case of a threading dislocation with a Burgers vector making a 64.7
• angle with its initial line direction. The dislocation line is discretized by 25 nodes and the simulation is performed for 4000 time steps, which is typical for reaching the optimal orientation using the spectral method alone. On a Linux 2.4 GHz workstation, the calculations took 74 and 1375 s to complete, when the number of Fourier modes (n x = n y ) is 11 and 101, respectively. As n x increases from 11 to 101, the time to compute traction forces on the thin film surface increases from 20% of the total computation time to 67%. The time to execute the remaining part of the spectral method, including evaluating the image force on the dislocation nodes, increases from 8% to 30% of the total computation time. Similar results are found when the dislocation is discretized by five nodes. These results show that for a large number of Fourier modes, the code spends a majority of the time on computing the surface tractions and a significant amount of time executing the rest of the spectral method.
The equilibrium dislocation structure from both DD and MS simulations is close to a straight line, confirming the earlier hypothesis. The equilibrium angle θ is obtained by fitting the coordinates of the dislocation nodes (in DD) and dislocation core atoms (in MS) to a straight line. When the image stress is accounted for, the equilibrium orientation θ of the dislocation line predicted by the DD simulation agrees well with the MS simulation. On the other hand, significant discrepancy is observed when the image stress is ignored in the DD simulation, which underlines the importance of image stress in determining the equilibrium dislocation shape. Figure 12 (a) plots the DD predictions of the equilibrium dislocation orientation θ as a function of Burgers vector orientation α, and compares them against the predictions of the line tension model (more details in appendix D). When image stress is correctly accounted for, the DD predictions agree very well with the line tension model. While the line tension model predicts no dependence of θ on the film thickness 2t, a very weak thickness dependence is observed in DD predictions. The dependence is so weak that it is on the same order of magnitude of the numerical error. If, on the other hand, the image stress is completely ignored, the DD model predicts θ = α, i.e. the dislocation will always be at the screw orientation at equilibrium. This is clearly wrong because it would lead to an infinitely long screw dislocation (parallel to the surface) when α = 90
• . In contrast, both the DD model with image stress and the line tension model predict that the equilibrium orientation is θ = 0
• , i.e. an edge dislocation perpendicular to the surface, which clearly has lower energy. Therefore, this test case shows the importance of accounting for the image stress in DD simulations. tension model is larger than that of the DD predictions. This may be caused by several factors, including (1) the ambiguity in defining the precise location of the dislocation in atomistic simulations and (2) possible angular dependence of dislocation core energy in the atomistic model but absent in the DD and line tension model. Nonetheless, the general agreement among the predictions of the DD, MS and line tension models shows that the most important physical mechanisms controlling the equilibrium dislocation orientation are already accounted for in the DD and line tension models. For example, the surface steps that join the dislocation line at the surface are not considered in the DD and line tension models. As explained in Lothe [36] , surface steps are due to core effects that only MD can capture. Surface steps must have a very small effect on the equilibrium dislocation orientation, at least at the length scale considered here.
Discussion
The stress field of a dislocation is singular, which is problematic for DD simulations. For our results discussed here, we have generally avoided the singularities, such as by not evaluating the self-stress on the dislocation itself. One method that can be used to eliminate this problem is the non-singular theory of dislocations proposed by Cai et al [37] .
We have suggested that the boundary problem can be restated using virtual dislocations [8, 17, 23] . However, single (semi-infinite) virtual dislocations at each emerging point are not the only way to solve the problem. For example, Eshelby [38] discussed that a truncated dislocation could be completed by allowing the dislocation to flower out with a spherically symmetric Burger's vector distribution. While this construct may satisfy equilibrium, it introduces further incompatibility to the domain of interest. The idea of a distribution of virtual dislocations could still work, provided that its distribution is confined to the space outside the domain of interest (e.g. the thin film). An example is the dislocation fan on the surface [39] . In comparison, a virtual dislocation tangent to the terminating dislocation seems the easiest to implement and shows the best numerical convergence.
It is interesting to note that our DD simulations, after a careful determination of the image stress fields, predict equilibrium dislocation orientations that are in very good agreement with the much simpler line tension model. For a straight, semi-infinite dislocation intersecting the surface of an elastic half space, the equilibrium orientation of the dislocation was determined analytically by Yoffe [18] in isotropic elasticity and by Lothe [36] in anisotropic elasticity. Furthermore, Lothe proved the exact solution is identical to that predicted by the line tension model, or equation (D.4). We have also verified this prediction numerically by computing the equilibrium orientation of emerging dislocations in a half space. The DD predictions are identical to those of the line tension model. Since the half space can be considered as a thin film in the limit of 2t → ∞, the slight deviation between our thin film and half space results is consistent with the very weak thickness dependence in the thin film results themselves. Therefore, the good agreement in the predictions of equilibrium dislocation orientation in a thin film between the DD and the line tension models can be attributed to the weak thickness dependence of the equilibrium angle. It is worth reporting that, even if the dislocation is confined to a glide plane not orthogonal to the surface, the equilibrium orientation predicted by our DD model (both for thin film and half space) is still in close agreement with the line tension model, even though such constraint was not considered in Lothe's original proof. In this case, the dislocation still experiences a significant (climb) force normal to its glide plane even after it has reached its equilibrium shape. This paper does not cover all aspects of simulation of dislocations in thin films as we have focused only on the image force. An equally important topic, the mobility of dislocations at free surfaces, is not included but needed to accurately describe dislocation motion near surfaces [40] .
Summary
We described a complete algorithm to compute the stress field of a dislocation ensemble in a free-standing thin film. We first developed a spectral method to efficiently solve the boundary value problem. We then discussed the necessity of virtual segments when considering emerging dislocations and how the solution is independent of the different choices of virtual segments. The efficiency of computing the image stress for emerging dislocations was enhanced by using the analytical Yoffe image stress solution to cancel the singular stress field. We analyzed the convergence behavior of our numerical methods by comparing with analytic solutions, and demonstrated their self-consistency by comparing the Peach-Koehler force with the numerical derivative of the elastic energy. As a benchmark, we computed the equilibrium orientation of threading dislocations in a free-standing thin film. The predictions from DD, MSs and line tension models all agree well with each other. the expressions are
For the positive half space we have
and for the thin film
Appendix C. MSs
MSs simulations are applied to compute the equilibrium angle of a dislocation line in a freestanding thin film. We use a method developed by Kurtz [41] and Henager and Hoagland [42] to model a dislocation in a bulk BCC tungsten. The simulation cell consists of a rectangular block of atoms forming a BCC lattice. The block is wider in the x-and y-directions than in the z-direction with an aspect ratio of 3 : 1. The orientation of the BCC lattice relative to the x-y-z coordinate system depends on the angle α of interest. A straight dislocation is introduced at the center of the block along the z-axis, by displacing the atoms according to the dislocation displacement field in an infinite isotropic elastic medium [25] . The Burgers vector is always b = (a/2)[1 1 1] (in crystal coordinates). Its angle with the z-axis is determined by the orientation of the BCC crystal. The atomic positions are then relaxed twice using the conjugate gradient algorithm, each time having a different boundary condition. The interatomic interactions are described by the Finnis-Sinclair potential [35] of tungsten. In both relaxations the outmost layer (≈2 nm) of the block in the x-and y-directions is kept fixed. During the first relaxation, periodic boundary conditions are applied along the z-direction. The result is a dislocation in an infinite medium. The dislocation remains parallel to the z-axis due to the boundary condition. The resulting atomistic configuration is used as the initial condition for the second relaxation, in which free surface boundary conditions are applied along the z-axis. Dislocations are observed to rotate away from the initial orientation (θ = 0 • ) during the second relaxation, unless the initial condition is a perfect screw (α = 0
• ) or a perfect edge (α = 90 • ) dislocation.
After relaxation, atoms with local energy 0.5 eV higher than the cohesive energy are identified as dislocation core atoms. Their positions are fitted to a straight line to determine the equilibrium orientation θ. The equilibrium angle θ is converged with respect to the lateral (i.e. x-and y-) dimension of the simulation cell when the aspect ratio between lateral dimension and film thickness is 3 : 1. Changing the aspect ratio to 4 : 1 does not change the equilibrium angle θ appreciably. The results presented in figure 12 (b) are produced from simulation cells containing 900 000 − 2 100 000 atoms, depending on the Burgers vector orientation α. Figure 11 (c) shows a relaxed dislocation structure for the case of α = 27.2
• . The dislocation line is mostly straight but is slightly curved near the surface, which is likely due to core effects. This curvature of the dislocation near the surface is not systematic in our MS simulations. Several relaxed mixed dislocations do not curve at the surfaces and remain straight across the entire thin film.
Appendix D. Line tension model
Here we describe a simple line tension model, following [36] and [25] (p 151), to predict the equilibrium dislocation orientation in thin films. The equilibrium orientation is the result of a competition between the tendency to minimize the dislocation length L and the tendency to minimize the edge component of the Burgers vector.
Given the geometry in figure 10 , and assuming the dislocation line remains straight, the dislocation length is The first term is the self-energy of the edge component of the Burgers vector and the second term is the self-energy of the screw component. R is a large scale cut-off parameter and we will use R = 2t in this work. r c is a core cut-off parameter and we will use r c = b here. Therefore, the total energy of the dislocation can be written as For any given α, the equilibrium value of θ can be obtained by solving equation (D.4) numerically. It is clear that the line tension model as described above predicts no dependence of θ on the film thickness.
In the line tension model, the equilibrium angle θ depends only on α and Poisson's ratio ν. Figure 12 plots the function θ(α) predicted by the line tension model (solid line) for ν = 0.28 (tungsten). When α = 0
• , θ = 0 • , corresponding to a screw dislocation, which also has the shortest possible length. This is obviously the minimum energy state for the dislocation when α = 0
• . As α increases, θ initially increases in the same direction as α because the dislocation has a tendency to stay close to the screw orientation. However, as α increases beyond 60
• , θ starts to decrease. When α = 90
• , θ = 0 • , corresponding to an edge dislocation, which has the shortest possible length. In this case, the tendency of the dislocation to be as short as possible is the dominant mechanism that determines the equilibrium orientation of the dislocation.
